An analytical model considering modulation-dependent nonlinear effects and second-order interactions between signal and optical amplifier noise is presented for Nyquistspaced wavelength-division-multiplexing optical communication systems. System performance of dual-polarization modulation formats, such as DP-QPSK, DP-16QAM, and DP-64QAM, is investigated using both the analytical model and numerical simulations. A good agreement between analytical and numerical results shows that, in the case of full-field nonlinearity compensation, accounting for second-order interactions becomes essential to predict system performance of both single-and multi-channel systems at optimum launched powers and beyond. This effect is validated via numerical simulations for signal bandwidths up to ∼1 THz. Over the past four decades, data rates in optical communications systems have seen a dramatic increase. The development of a series of new technologies have contributed to this increase. These include techniques such as wavelength-division multiplexing (WDM), advanced optical signal modulation formats, optical amplifiers and novel fibers, coherent detection, and fast signal processing for mitigating linear and nonlinear (NL) optical effects. Suppressing optical nonlinearity, which is mainly due to the optical Kerr effect, has now become the greatest challenge for enhancing the achievable capacity of optical commu- Regardless of the specific scheme, when nonlinearity compensation is ideally operated over the entire transmitted bandwidth, complete suppression of all "deterministic" signal-signal (S-S) interactions can be achieved, while "stochastic" NL distortions consisting of NL signal-noise (S-N) interactions are left uncompensated. This leads to an increased optimal signal-to-noise ratio (SNR) and optimal transmitted power compared with conventional receiver schemes, such as electronic dispersion compensation (EDC). In addition, operating beyond the optimum power may enable potential advantages, e.g., in submarine transmission [3] and for improved detection schemes (Section 10, [4] ).
Over the past four decades, data rates in optical communications systems have seen a dramatic increase. The development of a series of new technologies have contributed to this increase. These include techniques such as wavelength-division multiplexing (WDM), advanced optical signal modulation formats, optical amplifiers and novel fibers, coherent detection, and fast signal processing for mitigating linear and nonlinear (NL) optical effects. Suppressing optical nonlinearity, which is mainly due to the optical Kerr effect, has now become the greatest challenge for enhancing the achievable capacity of optical communications [1, 2] . A multitude of nonlinearity compensation techniques have been proposed and demonstrated to mitigate Kerr nonlinearity-induced distortions, including single-and multi-channel (MC) digital backpropagation (DBP), optical phase conjugation, eigenvalue communication, NL Fourier transform, etc., as recently reviewed in [2] .
Regardless of the specific scheme, when nonlinearity compensation is ideally operated over the entire transmitted bandwidth, complete suppression of all "deterministic" signal-signal (S-S) interactions can be achieved, while "stochastic" NL distortions consisting of NL signal-noise (S-N) interactions are left uncompensated. This leads to an increased optimal signal-to-noise ratio (SNR) and optimal transmitted power compared with conventional receiver schemes, such as electronic dispersion compensation (EDC). In addition, operating beyond the optimum power may enable potential advantages, e.g., in submarine transmission [3] and for improved detection schemes (Section 10, [4] ).
In the range of powers, which are of interest for nonlinearitycompensated systems, first-order perturbation analysis is no longer sufficient for accurate characterization of system performance, and second-order nonlinear effects need to be taken into consideration. For instance, in [5] it was pointed out that, beyond the optimum power threshold and in the case of full-field (FF) DBP, the SNR decreases with a rate of 3 SNR [dB]/power [dB], rather than 1 SNR [dB]/power [dB] as conventional firstorder analytical models predict [6] . This rapid SNR degradation has been attributed to second-order S-N interactions [5] . This term arises from the additional NL mixing process between signal and residual first-order S-N interactions, originating in the previous uncompensated fiber spans within a "virtual" DBP link, as schematically shown in Fig. 1 . This effect was studied in [5] for single-channel optical transmission systems with a dualpolarization (DP) quadrature phase-shift keying (QPSK) signal. The analysis was based on analytical closed-form expressions derived for orthogonal frequency division multiplexing transmission, assuming that NL interference has a Gaussian distribution as well as being independent of input signal modulation format. Hence, the dependence on the number of channels as well as the impact of modulation format on the effective variance of NL Letter Vol. 42, No. 17 / September 1 2017 / Optics Lettersdistortions have not been analyzed. However, the implementation of a model accounting for number of channels and modulation format dependency in second-order S-N interactions enables an accurate investigation of the system achievable information rate (AIR), which is a natural figure of merit in coded communication systems [7, 8] .
In this Letter, within the framework of regular perturbation analysis [9] , an analytical model for Nyquist-spaced WDM optical communication systems employing nonlinearity compensation is developed. Such a model extends the work in [5] by accounting for the modulation format dependency of second-order S-N interactions in a multi-channel transmission scenario. Different modulation formats, including DP-QPSK, DP 16-ary quadrature amplitude modulation (DP-16QAM), and DP-64QAM, were investigated. The SNR and optimum launched power for FF DBP schemes were analyzed as a function of transmission distance, accounting for first-and second-order S-N contributions. Finally, the relevance of second-order S-N interactions was quantified for different transmission distances and bandwidths. The developed analytical model allows us to predict the system performance at optimum power and beyond, which gives rise to further investigations of AIRs in coded transmission systems.
The performance of a dispersion-unmanaged optical communication system can be evaluated by introducing the so-called effective receiver SNR, which includes the impact of linear amplified spontaneous emission (ASE) noise and NL distortions due to the optical Kerr effect, as follows [6, 10] :
where P is the average optical power per channel, σ 2 ASE is the overall ASE noise power, arising from erbium-doped optical fiber amplifiers (EDFAs) at the end of each span in a link [11] , N s is the total number of fiber spans in a link, P s−s and P s−n are the NL distortion powers due to S-S and S-N interactions, respectively. The contribution of the deterministic S-S interactions is described as P s−s N ϵ1 s ηP 3 , where η is the NL distortion coefficient for one span, and ϵ ∈ 0; 1 characterizes the decorrelation of the NL distortions between each fiber span in a link. In the case of EDC (solid lines in Figs. 2 and 3) , the contribution of S-N term P s−n is negligible, whereas, for the DBP case, such term can be expressed as [5, 6] 
with ξ 1 and ξ 2 being first-and second-order distance-dependent factors, respectively, which account for the accumulation of NL optical distortions due to the S-N interactions in propagation.
The closed-form expression for the factor ξ 1 is already provided in [Eq. (5), 8] , and the factor ξ 2 can be approximated as
where ζz and ζz; r denote the Euler-Riemann zeta function and its extension as the Hurwitz's generalized zeta function, respectively. Assuming that all the WDM channels have the same modulation format and launched power, the NL distortion coefficient in Eq. (2) is quantified by the following [12] : 
where the first term η 0 does not depend on the signal modulation format because the signal is assumed to be strongly dispersed and, hence, Gaussian distributed. The second term η 0 0 is modulation format-dependent and includes the corrections needed for non-Gaussian input signal distribution [12] . Following the model developed in [12, 13] , this modulationdependent term can be decomposed as follows:
where the pre-factors κ 4 and κ 6 are directly related to the excess kurtosis and the sixth standardized moment of the input signal constellation, respectively. Values of κ 4 and κ 6 for typical signal distributions are provided in Table 1 . Considering ideal Nyquist WDM transmission, i.e., each channel has a rectangular spectra of width exactly equal to the symbol rate, the NL scaling factors η 1 , η 2 , and η 3 in Eq. (5) have been numerically computed by means of Monte Carlo integration including both intra-channel and inter-channel effects, similar to the approach in [12, 14] . Employing FF DBP, closed-form expressions for the optimum launched power, i.e., the power corresponding to the maximum SNR at a given number of fiber spans, for the case of first-order S-N interactions only is P and for first-and second-order S-N interactions is derived as
If DBP is applied over a partial bandwidth (dashed-dotted lines in Figs. 2 and 3) , the residual S-S interactions P s−s in Eq. (1) can be obtained by using an approach similar to the one in [8, 15] . It is also worth mentioning that, in the case of partial-bandwidth DBP, the nonlinear distortions owing to residual uncompensated S-S interactions are still more prevalent in comparison with both first-and second-order S-N interactions. Hence, the dramatic effect of second-order S-N interactions can be properly distinguished in the case of FF DBP only, i.e., when S-S interactions are completely suppressed [5, 6] .
Numerical simulations have been performed to assess the accuracy of the analytical model. The investigated scenario was a Nyquist-spaced WDM optical transmission system, using DP-QPSK, DP-16QAM, and DP-64QAM, with parameters shown in Table 2 . A factor of 8 is used to oversample the simulation bandwidth, and the SNR is estimated over 2 17 symbols based on the received constellation clusters, similar to [8, 16, 17] . The transmitted symbol sequences in each channel and polarization are independent and randomly generated. The signal propagation in standard single-mode optical fiber was simulated using the split-step Fourier method to solve the Manakov equation, where a logarithmic step-size distribution was adopted for each fiber span [18] . EDFAs were used to compensate for fiber attenuation. At the receiver, the signal was mixed with an ideal free-running local oscillator to ensure ideal coherent detection of the optical signal. EDC was implemented using an ideal frequency domain filter [19] , whereas MC DBP was realized using the reverse split-step Fourier solution of the Manakov equation using the same step-size as in the forward propagation [20, 21] to ensure an ideal operation of MC DBP. An ideal root-raised-cosine filter with a roll-off factor of 0.1% is applied to select the backpropagated bandwidth for MC DBP, whereas no filtering is applied for the case of FF-DBP. Laser phase noise and polarization-mode dispersion are neglected.
Analytical model and numerical simulations were carried out for a single-and five-channel WDM transmission system over a transmission distance of 2000 km. The results are shown in Figs. 2 and 3 for the single-channel and five-channel cases, respectively. Excellent agreement between the analytical and numerical calculations is observed. It can be seen that the second-order interactions have a significant impact on performance in the case of FF DBP, whereas it is negligible when DBP is applied over a fraction of the transmitted bandwidth. In the case of FF DBP, for values of launched power per channel beyond 7 dBm for a single-channel system (with the optimum power of 9 dBm) and beyond 5 dBm for the five-channel system (where the optimum power is 7 dBm), accounting only for first-order S-N interactions (dashed black lines) yields inaccurate predictions. It also can be seen that the input signal modulation format does not have any substantial influence on the S-N NL distortions, when FF DBP is applied. Figure 4 shows the variation of the SNR as a function of transmission distance and a fixed launched power in a five-channel Nyquist-spaced system using FF DBP. It can be observed that Fiber span length 80 km EDFA noise figure 4.5 dB neglecting second-order S-N interactions leads to analytical prediction whose inaccuracy grows with both transmission distance and launched power. On the other hand, the "gap" between the predictions of optimum launched power given by the analytical models with and without accounting for the second-order interactions remains approximately constant with transmission distance. Such a gap can be quantified in about 1.25 dB. This effect persists in systems with wider bandwidths. Figure 5 reflects the SNR at FF DBP versus the number of transmitted channels at optimum launched power for fixed 2000 km transmission distance. A perfect agreement between simulations and second-order S-N interaction model was demonstrated for a bandwidth up to 31 channels (∼1 THz) and across different modulation formats. Because numerical simulations become computationally intractable, the analytical model is highly beneficial for predicting the SNR performance of systems with wider transmission bandwidths (e.g., C-band). Figure 6 indicates the growth rate of second-order S-N interactions relative to the corresponding contribution of first-order S-N interactions as a function of launched power per channel for different transmission distances calculated for C-band (∼4.8 THz) system using the analytical model. The two horizontal dashed lines indicate the half-and equal contributions of second-order S-N interactions relative to first-order effects. It was found that, as both distance and launched power are increased, second-order effects become more significant. In particular, the contribution of second-order effects grows faster with the launched power for longer transmission distances.
In summary, the impact of second-order S-N interactions in the presence of modulation-format-dependent NL distortion of a Nyquist-spaced WDM system with nonlinearity compensation has been analyzed, where the accurate assessment of this effect in the NL regime was presented. Analytical and numerical studies have been carried out for both single-and multi-channel WDM transmission systems. It was shown that, in the case of FF DBP, the consideration of second-order S-N interactions becomes substantial at both optimum launched power and beyond. The proposed extended analytical model allowed us to accurately predict the performance of multi-channel transmission systems with fullfield nonlinearity compensation. Additionally, the power thresholds, corresponding to half or equal contribution of second-order S-N interactions relative to the first-order S-N effects, have been quantified in the C-band transmission system for different transmission distances, which suggest a range of launched powers when second-order S-N interactions become important.
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